Résumé. 2014 Abstract. 2014 The construction of an average lattice with bounded modulation, for one dimensional quasiperiodic tilings, is considered from the viewpoint of the higher dimensional space R2. The 1D quasiperiodic tilings are : a) the canonical 1D tiling obtained e.g., by the cut and project method, b) tilings generated by a circle map algorithm, for particular values of the parameters defining the model. In this last case, the construction bridges a gap between the cut and project, or section, methods, and the circle map model, and provides an alternative proof of the quasiperiodic ordering : we build suitable 2D periodic tilings yielding the quasiperiodic ones by section. This geometrical approach gives also an intuitive image of the mechanism of the disappearance of the average latice, and of the quasiperiodic ordering, for generic values of the parameters of the model. The considerations given here may serve as a basis for the construction of average lattices with bounded modulation, if they exist, of higher dimensional tilings.
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Construction of average lattices for quasiperiodic structures by the section method C. Godrèche (1) and C. Oguey (2) (1) Service [3, 4] , c) structures obtained by the cut and project method [5] [6] [7] [3, 4] [3, 4] , based on a circle map algorithm, generates a 1D atomic structure or a tiling of the line. The structure is defined by putting atoms on a line, the abscissa of the nth atom being given by (uo = 0). The bond lengths Àn are given by the action of a « window » function of width L1 on the sequence {nw mod 1} ; w and L1 are given numbers between 0 and 1 : This is illustrated in figure 1. X a (x ) is a 1-periodic function defined by Int (x) and Frac (x) are the integer and fractional parts of x, respectively. The binary sequence {Xn = XA (nw )} is thus quasiperiodic. [9, 10] . This theorem implies that there no longer exists an average lattice for the structure. As a consequence, it was shown that, for generic non integrable cases, the Fourier spectrum of the structure is singular continuous [3, 4] , which is the signature of a weaker order than the quasiperiodic one.
For integrable cases, it is possible to compute the fluctuation as where yr(x) is a r-dependent 1-periodic function [1, 3] , therefore a bounded one. The modulation gn being periodic, the structure is quasiperiodic. [1, 2] as the generated by the canonical projection method from 2D to 1D. The corresponding tiling is hereafter referred to as the canonical tiling. This is illustrated by figure 3 . The broken line is entirely contained in the strip S = En + C where C is the unit square
The correspondence between the parameters of the two structures is given by This geometrical construction may also be described by a section method [11, 12] . Consider the periodic set of atomic surfaces (here atomic segments), built by attaching an atomic surface A to each point § E Z2. The set of points Un of the 1D structure is obtained as the intersection of Ell by the set of atomic surfaces
In the canonical case, A = -K where is the profile of the strip.
The periodic set of atomic surfaces may be completed into a 2D tiling [13] . Define (1) El is the kemel of pl. It specifies the direction of the atomic segments. This direction is generated by (-sin cp, cos cp ) and is held fixed for the various examples we will consider in this paper. This is not the case for E~ , the physical space, which will vary from case to case. In particular, EL is not necessarily perpendicular to E~ . surfaces described above, are the boundaries of the oblique tiling, transversal to E~, as shown in figure 4 .
Let us note that, since the points of the average lattice are the intersections of EN by Dn, the diagonals are the atomic surfaces generating the average lattice. In this framework, the modulation gn also has a simple geometrical interpretation. It is the distance between the point u,, of the structure obtained as a section of the atomic surface A by El', and the point na of the average lattice obtained as a section of Dn (see also Fig. 2) . In other terms, the atomic surface, seen along a diagonal, over a period (here one diagonal of the unit square), gives a representation of the hull of the modulation, i.e., of the modulation function g(x) = -(c -s) Frac (x). Indeed, figure 5b may be obtained from figure 5a, by rescaling AB to 1, and keeping the direction of BC perpendicular to AB, without changing is length.
This correspondence between the modulation function and the atomic surface may also be seen by taking the converse point of view : if the points un of the structure are given, and if one knows that they come from a section method, it is possible to get the shape of the atomic surface by folding the plane on a torus, namely, the unit square with parallel edges identified. The parametric equation of the atomic surface A is given by the hull of the set of points satisfying simple calculation yields the equation of the atomic surface in the torus, for the canonical tiling
As mentioned in the Introduction, this representation, in the extended space, of the average lattice and of its modulation, is easily generalised to any codimension one case. We will now use the framework of this section, to extend the geometrical description given here, to the general integrable cases of model 2. This section is devoted to the integrable cases with finite fixed r =1= 1. As already mentioned, the corresponding tilings are quasiperiodic. It is thus natural to try to describe these structures in higher dimensional space. In particular, we will build a set of atomic surfaces in R2 that generate, by section, the 1D structure in Ell space.
In order to do so, we use a renormalisation method introduced in reference [4] , and recalled below. The [3, 4] . In particular, the Fourier spectrum was shown to be singular continuous. This example is given here, since it corresponds to the asymptotic limit of the finite r cases considered in section 3.2, below. In particular, the renormalisation operations needed for the finite r cases and that of the limiting case provided by this example, are the same.
For these values of the parameters, the renormalisation operation leaves (w,à ) invariant, i. e, R(w,a) = (w , à The invariance lattice BZ2 is given by 1 dent (B)1, the « volume » of the unit cell, (the index of the lattice in Z2) is equal to four.
In figure 6 , the fundamental cell of the oblique tiling is made of two oblique tiles, the renormalised tiles, that may be decomposed into the smaller elementary ones. The order in which each smaller tile appears inside the renormalised one is given by the substitution eT 3t of equation (3.8) .
From the oblique tiling, one gets the atomic surfaces. Note that and Therefore, the periodicity along a diagonal Dn is four, in units of E2 -el (Fig. 6) . Again, is must be noticed that the atomic surface along a diagonal gives a representation of the modulation function. In particular, the atomic surface is made of three different segments (in the E.L direction). They correspond to the three segments found in the function Y4(x), where It is indeed known that Frac (nw ) divides the circle in three intervals [8, 15] . The (Fig. 7) .
Remark. Let us mention that, as in section 2, knowing un, we may write the parametric representation of the atomic surfaces in the torus as We end this section by studying the asymptotic behaviour of successive approximants to the limit structure generated by (w = T -2, d = 1/2 ). The next best approximant is (w = T-2, d = 17 (ù -6 ). Applying twice the renormalisation operation equation (3.6) , reduces this case to a canonical one. The geometrical scheme in IIBz is similar to the previous case. Figure 8 illustrâtes this case.
Let us consider now a general (rN, sN) case. /31 (resp. 82) is obtained from 3tN el (resp. aN e2). The invariance lattice is determined by the matrix Fig. 7. -The function y4(x). Comparison with figure 6 shows the equivalence between the atomic surface seen along a diagonal, and the modulation function, for the case ( w = T -2, a = 4 c -1 ). °T o conclude this section, let us stress that the limit 2D structure is very singular. Indeed, simultaneously, both the lengths of /3, and a 2, and the periodicity of the atomic surfaces along the diagonals, become infinitely large. 4 . Final remarks.
The description of the integrable cases of the circle map tiling in terms of a section through a 2D structure provides a means to compute the Fourier spectrum of the structure. This may be done along the same lines as in references [16] , [17] . The [18] , and some considerations given here, e.g., in section 2.
The existence of average lattices for 2D quasiperiodic tilings is a subject of growing interest [19, 20] .
